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Abstract

In this paper I present a new single factor model for assets return observed in
discrete time and its latent volatility with a common “market factor”. This model
attempts to unify the concept of feedback effect and skewness in return distribu-
tion. Further, it generalizes existing stochastic volatility model with constant feedback
to a framework with time varying feedback. As an immediate consequence dynamic
skewness and leverage effect follows. However, the dynamic structure violates weak-
stationarity assumption usually considered for the heteroskedastic models for returns
and hence the concept of bounded stationarity is introduced to address the issue of non-
stationarity. The single factor model also helps to reduce the number of parameters
to be estimated compared to existing SV models with separate feedback and skewness
parameters. A characterization of the error distributions for returns and volatility is
provided on the basis of existence of conditional moments. Finally, an application
of the model has been explained with Normal error and half Normal market factor

distribution.
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1 Introduction

Research in financial econometrics has seen a surge in the area of time-varying volatility mod-
els for asset returns over last three decades. Stochastic volatility (SV) model (Taylor 1982)
has been one of the key instruments to address such an issue. In addition SV model explains
some interesting aspects of asset returns observed empirically and known as “stylized facts”.
Some of the important stylized facts are volatility clustering indicating similar volatility
periods clustering together and the negative relation between the return and its volatility
divulging their movement in opposite direction. The work of Taylor (1982) models time
varying volatility of financial returns as a latent auto-regressive process to account for the
volatility clustering. Since then multitude of SV models have been developed to explain
different stylized facts about asset returns. A comprehensive review of the SV models can be
obtained from the works of Shephard & Andersen (2009) and Chib, Omori & Asai (2009).

Recent works in the SV literature emphasizes on three important aspects of such models
for asset returns observed in discrete time wviz. the negative correlation between current
asset return and its future volatility (or leverage effect), return skewness and the correlation
between current volatility and future returns (or the feedback effect). SV model and variants
of the same has been developed to explain the time varying volatility of asset return and some
of the three aspects mentioned above. Renault (2009) provides a comprehensive account
of leverage, feedback and points out towards the possibility of a connection between the
feedback effect and return skewness. However, no work has been done so far to explain
the connection between feedback effect and return skewness along with volatility clustering
and leverage for discrete time asset returns to the best of the knowledge of the author. In
this paper, I develop a parsimonious generalized SV model to explain the relation between
conditional feedback and return skewness in presence of leverage and extend it to an SV
model with time dependent feedback, skewness and leverage parameters.

The time series data on asset returns provides evidence of correlation between asset return
and its volatility (Nelson 1991) and skewness in asset returns (Harvey & Siddique 1999).

The fact that a decline in current price would lead to increase in future volatility, could be



attributed to changes in financial leverage (Nelson 1991) and such a correlation is called the
leverage effect. On the other hand, the negative correlation between current volatility and
future return is known as the feedback effect. Feedback effect may be attributed to the fact
that an anticipated increase in volatility results in immediate price fall (French, Schwert
& Stambaugh 1987). Bollerslev, Litvinova & Tauchen (2006) shows that a stronger signal
is reflected through the contemporaneous correlation between asset return and its volatility
and concludes in favor of the contemporaneous correlation as a measure of volatility feedback
effect. Jacquier, Polson & Rossi (2004) used such an SV model to develop a Monte Carlo
Markov Chain method for estimation of model parameters. However, Renault (2009) points
out an alternative explanation to the negative contemporaneous correlation using the return
skewness. The intuition behind such possibility could be justified by the following argument.
The magnitude of volatility increase due to price fall is much higher than the magnitude by
which volatility decreases in case of price increase, which is known as volatility asymmetry.
Thus the conditional volatility for negative returns is more compared to the same for positive
returns. This fact leads to the skewness in the innovation distribution. Tsiotas (2011) and
references therein provide an account of SV models developed so far with leverage and skewed
shocks. Recently, Feunou & Tédongap (2012) developed an affine SV model (denoted as SVS
model) with standardized inverse Gaussian return shocks and autoregressive Gamma latent
factors which accommodates both the feedback effect (mentioned as leverage by the authors)
and the conditional skewness in asset returns. However, the SVS model does not provide
explicit form of the volatility process and hence the intensity of volatility clustering is difficult
to observe directly.

In this paper I propose a parsimonious representation of such an interlocked explication
of feedback effect and skewness in presence of leverage effect. Both of them could be looked
upon as a resultant of the influence of a common positive stochastic factor to the symmetric
return and volatility shocks. A financial justification of the presence of such a stochastic
factor could be in assuming the presence of a positive “market factor” which impacts both

return and volatility with different magnitudes. Direction of market factor impacts could be



similar or opposite. This mechanism generates perturbation to symmetric random shocks
by a positive random variable and generates asymmetry in returns whereas the common
factor generates the feedback effect. Further, Bollerslev, Sizova & Tauchen (2012) provides
empirical evidence of the dynamic nature of the correlation between return and volatility.
On the other hand Harvey & Siddique (1999) and recently Boyer, Mitton & Vorkink (2010)
provide evidences of time dependent conditional return skewness in asset returns.

Based on the above findings I assume the weights of the market factor on return and
volatility to be time varying so that the feedback effect and conditional skewness are dynamic.
Individual impact of the stochastic market factor on return and volatility are measured by
the corresponding time dependent coefficients which will be referred to as impact parameters
here onwards. The underlying reason of different directions and magnitudes of the time
varying conditional skewness and the feedback effect could be then comprehended in terms
of the impact parameters.

The main complexity of this proposed model is that it violates weak-stationarity condition
of the volatility process. Weak stationarity is crucial to a stochastic process as it restricts
the process to increase indefinitely in expectation with time. In this paper I introduce

2" order moments of a stochastic

the concept of bounded stationarity in terms of 15 and
process to relax the existing weak-stationarity condition yet ensuring that the process does
not explode. I also provide here a characterization of the auto-regressive process of order
one, which is most commonly used to describe volatility process in SV models, in the light
of bounded stationarity in this paper.

The proposed model is developed under general distributions for return, volatility and
the market factor. Many of the existing SV models has been shown to be particular cases
of this generalized SV model. An immediate characterization of the plausible distributions
for return, volatility and market factor has been given based on the existence of return mo-
ments and the feedback effect. Further, I provide explanation of the volatility asymmetry

in terms of the market factor influence assuming the usual Gaussian framework for both

return and volatility along with a standard half normal market factor. Such affine com-



bination of Normal and Half-Normal distribution results in a variant of a general class of
distributions containing standard Normal known as skew-normal distribution (Azzalini &
Dalla Valle 1996). Since the proposed model uses only the conditional skewness parameters
and feedback results in from the single factor model structure, the number of parameters
to be estimated is reduced compared to the existing SV models (dynamic as well as static)
which use separate parameters for feedback and skewness. Moreover, in order to extend
the existing SV models with separate parameters for conditional skewness and feedback to
a dynamic framework,large number of parameters will be required compared to number of
available observations resulting into a highly saturated SV model. The model developed in
this paper becomes advantageous in such a case as the number of parameters to be estimated
is significantly less compared to the above mentioned case.

The paper is organized as follows. In section (2). we introduce the general framework
for joint model with time dependent impact parameters and show some of the existing and
well known SV models as special cases of the proposed joint model. The concept of bounded
stationarity is introduced in this section to tackle non-stationarity in dynamic feedback SV
model. Section (3) presents an example of generalized SVDF model with half-normal and
Gaussian distributions. The expression for the dynamic feedback and leverage are presented
here and necessary and sufficient conditions for negative feedback has been discussed. Section
(4) contains discussion on the model and its application and some direction for the future

work.

2 Dynamic Feedback SV Model with Common Market
Factor

Let P, be the daily price of an asset and log % be the log return. The time series of mean-
corrected daily log returns is denoted by y; and the underlying latent volatilities by 6;. Let
us start with the SV model proposed by Jacquier, Polson & Rossi (1994) which is given as



follows:

0t

Y = €26, (2.1)

et = 04~|—(b(9t,1 —Oé)+7]t,t: 1,...,T (22)

¢; and 7, being independent sequences of independently and identically distributed (iid) ran-
dom shocks (or innovations) with both the means 0 and variances 1 and o2 respectively. ¢
is the volatility clustering parameter which reflects the stylized fact that volatility pattern
(high or low) cluster together. Subsequently SV models with contemporaneous correlation
(p) between ¢; and 7, has been developed by Jacquier et al. (2004). Such SV model with the
feedback effect p relates the changes in volatility to the sign and magnitude of price changes
which helps in pricing the options more accurately.

In this paper, I consider a new SV model with independent symmetric random shocks
€; and 7, and a general positive common factor or “market factor”, say ~;, which impacts
the return and its latent volatility at each time point. However, such impacts on return and
its volatility may be different in magnitude and direction and may vary over time (Boyer
et al. 2010). Let A\,; € R and A\g; € R denote the dynamic impacts of the market factor
on the return and its latent volatility respectively. Thus the new SV model with a common

dynamic market factor is given as

9¢
Yo = tye +e2 Ayeve + ) (2.3)

O =a+ (01 — ) + por + (Mo +me) (2.4)

where y;, 6; are same as in equations (2.1)-(2.2) and {~,} is a sequence of iid positive random
variables. p,, and pp, are so selected that Efy, | Fi—1] = 0 and E[f, | Fi—1] = a+¢(8; — )
preserving mean reversion of the returns and the memory effect in volatility respectively.
Further ¢, and 7, are two sequences of symmetric random variables independent to each
other contemporaneously as well as inter-temporally.

The affine combination of positive market factor with symmetric innovation results in a

skewed family of distributions. The market factor impact parameters determine the amount



and direction of conditional skewness in the corresponding process and hence will be in-
terchangeably called as skewness parameters and impact parameters here onwards. The
presence of common market factor in both return and volatility induces the correlation or
the feedback effect. The time-dependent impact parameters causes the feedback to be dy-
namic. It may be remarked here that considering A, ; = A, and \g; = )y, constant feedback
model can be obtained. Clearly the volatility asymmetry can now be interpreted in terms of
the market factor impacts which has been discussed in detail in subsection 2.3. Henceforth
we shall denote the proposed stochastic volatility model with dynamic feedback by SVDF
model.

The SVDF model postulated above in equations (2.3)-(2.4) describes a robust class of
parametric SV models. Different distributions has been used in SV model to capture the
skewness and kurtosis in return. Such models can be obtained as special cases of the proposed
structure of the innovations in SVDF model. Some of the significant ones are described as

below:

1. Let A\yy = Mgy =0, ¢ ~ N(0,1) and 7, ~ N(0,0?) be independent processes to obtain

the usual SV model with Gaussian errors (Jacquier et al. 1994)

2. Let \yy = Mgy =0, € ~ t,, ; ~ N(0,0?) and they are independent which leads to the
SV model with t-errors (SVt) in return

3. Let A\g; = 0 and ~; be standard half-normal variate. Further, let ¢, ~ N(0,1) and
independent of 7, ~ N(0,0?%) and both ¢; and 7; are independent of 7; which results
in the SV model with returns distributed as a variant of Skew-Normal distribution

(Tsiotas 2011).

4. Set Agy = 0, vy as half-t, variate. In addition ¢ ~ t, and 7; ~ N(0,0%) and are
independent of each other as well as +;. This leads to the SV model with Skew-t

returns.

5. Let A\p; = 0 and ~y, be distributed as Generalized Inverse Gaussian distribution. Fur-

ther, let ¢, = /Y€;, where ¢ are NID(0, 1) variates independent of ; and 7, with
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ne ~ N(0,0%) to obtain the SV model with generalized hyperbolic Skew-¢ returns (Aas
& Haff 2006).

However, in what follows we assume the independence between ~;, ¢; and n,, Vi = 1,2,....
The assumption of dynamic nature of impact parameters A\, ; and A\g; in the above model
immediately results in a serious issue of violating the weak stationarity of the auto-regressive
structure of the volatility process as stated in (2.4), which in turn may lead the process to
explode as its future variance may increases indefinitely with time lag. To avoid this issue and
yet to incorporate the dynamic nature of market factor impacts I first introduce the concept
of bounded stationarity in the following subsection and describe some characteristics of 6,

with respect to bounded stationarity.

2.1 Bounded Stationarity For Volatility Process

The bounded stationarity of a discrete time stochastic process is defined as follows.

Bounded Stationarity: Let X, be a discrete time stochastic process such that its 15 and
24 moments exist. The process is defined to be bounded stationary if F[X;] < M and

Cov(Xy, Xy—k) <V; M and V being finite real numbers and k is any integer.

Taking k£ = 0 in the above definition we get the condition V(y;) < V on the variance for

bounded stationarity.

Remark: Notice that, if the 1% and 2" order moments of a bounded stationary time series
are constant, then the series is weak stationary. Hence the weak stationarity is a particular
case of bounded stationarity. Further suppose the 1 and 2"? moments of a locally weak
stationary series, viz. Yr,, Ury, - - - Yrp, T € I(an index set), be given by p, and o2. If u, and
o2 are finite for all 7 € I, then setting M = suII) (i and V = suII) o, we observe that a locally

TE TE

weak stationary series is bounded stationary. Strict stationarity is readily observed to be a

special case of bounded stationarity.

Based on the above definition of bounded stationarity, the conditions required for bounded

stationarity of the volatility process in (2.4) is derived in the following theorem.
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Theorem 2.1 Consider a sequence of independent positive random variables v; and define

an auto-regressive process of the form
O, =a+ o(0,_1 — a) + ay, (2.5)

where ay = \Yye+1:, Ae € R and 1, are zero mean and constant variance tid random variables
independent of ;. Further the sequence, a; is also assumed to be independent of 0, V' < t.

Assuming that the 15 two moments of 0, exists, the following results hold
1. E6] is finite V't if | ¢ |< 1.

2. V(0y) is given by

[e.9]

%(0) =V(0) = (1+¢"+ 0" +...)+0°>_ ™A\, (2.6)

k=1
where 6 = V(). Further 1;(0) is non-negative and bounded if | ¢ |< 1 and | N |<
A, A > 0Vt, in which case

o? + 62\
T;S(O) < 1_—¢2 (2.7)
3. The auto-covariance function of lag k is given by T,(k) = Cov(0yy4, 0;)
2 52)\2
Ti(k) = Cov(Brs, 0) = 6°73(0) < o* T2 (2.8)

T

Proof. Let V(1) = 02 and observe that Efa;] = 0 and V(a;) = 02 + X262, Vt = 1,2,....

The proof of the results are given as below.

1. Notice that ,

El0] = a(l—¢)+ oE[0; 1]
= a(l—¢)(1+¢+¢*+¢*+..))

so that E[f;] exists finitely if | ¢ |< 1.



1,(0) = ¢*V(bi1) + [0 + 5°N]]
= P*[P*V (O,_) + 0 + N2 ] + [0% + 6°)7]

= P(1+ "+ ¢ +..) + N+ PN+ oA ]

and if | ¢ |< 1 then

2 o0

_ 4 2 2%k \ 2

= 1_¢2—|—5 g DN
k=0

Further if the condition | A; |[< A, A > 0 hold for all £, then the bound is immediate

from the expression of 73(0).

3. The autocovariance function 1;(k) is given by
Ti(k) = B0 — )6 — a)]
= QE[(0: — ) E[(0ryh1 — @) | Frl]

since a4y is independent of 0; Vj < t + k. Thus, by repeated substitutions we get

Yi(k) = ¢"7,(0).

The bound on the auto-covariance function follows from (2.7).

From the above theorem, the following remarks can be made.

Remark: 1. The auto-correlation function is time invariant and depends only on the

lag which is similar to the weak stationary time series.

2. The upper bound of the auto-covariance function dampens to zero as the lag increases.
Thus, similar to weakly stationary series, the impact of the past realizations decreases
with the time horizon. However, unlike the weak stationary series, the auto-covariance
of a bounded stationary AR process may not reduce to a time invariant constant with

lag in the limit.
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3. The k-period ahead forecast for such a series is given by éHk = a+ ¢*(0; — a) so that
klim ét+k = «. The forecast error is given by
— 00

k—1

e(k) = Z ¢jat+kfj

J=0

4. The fore cast error variance is given by:

V@) = YV ()

1—¢* o, o2 + 0%\
S (1_—¢2)2(0' +5A)—>m, as k — oo.
Thus the forecast error variance is bounded above and as the lag increases the sequence

of upper bounds also increase. Further, with increasing volatility persistence forecast

error variance increases.

The above discussion ensures that although the AR process assumed for volatility process
is not weakly stationary but the first two moments of the process are bounded and hence
the process and its forecast does not explode with increasing lag. In the following section
we discuss on the feedback effect for the proposed SVDF model with general innovation

distribution under the assumption of bounded stationarity.

2.2 Dynamic Feedback, Skewness and Leverage In Stochastic Volatil-
ity Model

The following lemma provides the expected unconditional return and volatility under the

model postulated in (2.3) and (2.4).

Lemma 2.2 Let y; and 6; be the return and volatility at time t and the stochastic volatility
model describing the evolution of y; and 0; be given as in (2.3-2.4). Suppose €, is distributed

with men 0 and variance unity and is independent of n, which is distributed with mean 0 and

11



variance 0. Further suppose that the moment generating functions (MGF) of v, (denoted

by M., (u), Vu € R) and n: (denoted by M,,(u), ¥V u € R) exist and the first two derivatives
of the MGFs are denoted as M’ (u) and M%(u) respectively, X € {v,m}, t =1,2,...T.
Under the above postulates the following results hold:
a+¢(0r_1—o)tpg ¢
1. pyy = — A1 Ny M, (%) M/ (Aﬂ); where Ay = BM
2. Vy | Foma) = A2y | My (1) {02, M2 () + Mo, Og) | = 22,02 (3) M2 (254

3. Hot = —/\e,tE(’Yt)

V(0 | Feor) = N, V() +0°

Proof. 1. Define Z,; = A\juyt + € and Zp, = Aoy + m and assume Ely, | Feoq] =

0 to maintain the mean reversibility of the mean corrected returns (y;). Denoting

a+¢(0r_1—a)+pg ¢ . .
e P by Ai_1, jty+ is given as follows

Zgt
pye = —AiaBle™2 Zy, | Fyal
1 )\9715
= _At—lAy,tMm (5) M’/Yt <7> (29)

where M/ (u) = M., (u).
2. Denoting e Zyyin (2.3) by Ry, Vt =1,2,...T, the return variance is obtained as

Vg | Fier) = Ely; | Feeal
= E[R}| Fiea] — 11,

= AL My (DN M (M) + My, (Noe)] — piy

1
= A2 (1) {N2 MY (Noy) + Mo, (M)} — A2 M <§> M? (%)]
(2.10)

where M7 (u) = %Mw (u).

12



3. Let F;_1 be the information set available up to time ¢t — 1. Note that

E[@t | ft—l} = a-+ Qﬁ(etfl — Oé)
= Hot = _)\H,tE[P)/t] (211)

4. The variance of the volatility process is given as

V(0 | Feer) = N5, V(m) + 07 (2.12)

Corollary 2.3 Observing that M,,(1) > M2 (%) the following lower bound can be obtained
from (2.10):

14 / )\ )
Vil Fin) 2 4200, | M 000 - 0,2 () L n,000|  21)

Further, letting Aoy — 0 the bound in (2.13) reduces to
V(e | Feor) 2 e 0O, (1) [AT,V () + 1] (2.14)

The above corollary may be helpful in determining the minimum risk premium for options
based on returns y;. Next I provide an expression for the dynamic feedback effect for SVDF

model

Theorem 2.4 Under the model and the assumptions postulated in lemma 2.2, the dynamic

feedback p; is given by

ot () 3 (1) )£} )

p .

0 Dt 00+ 00, 00} 05 (2 00 ()
(2.15)

Proof. The conditional covariance between y; and 6, given the information set F;_; can be

13



derived as follows:

Covi_1(y,0:) = Cov(y, 0y | Fr—1,)

Ag vt t+ne

= ElAiiem 2 (Noave +m0) (Ayave + €)] — Lyt

= N A B E [ - (>\0t% +%77t)] — My tHo,t
— Ay,tAt_l{Agt ( ) 9} +E, [%6”5”}E[me’ﬂ}—uym,t

o (o (5) 00 2)] o
= A 1{AetM (%){ 4 (A‘“) M, (A;t) E(%)}
bt ()]

= ytAt 1

(2.16)

Notice that existence of MGF' of n; ensures existence of £ (nteTt> and hence the expression

for feedback in (2.15) is immediate. |

As a consequence of the above theorem the distributions of return and volatility shocks

can be characterized as follows.

Corollary 2.5 The class of distributions that can be considered to model the market factor
v and the volatility shock ny, ¥t = 1,2,...T, are the ones admitting MGF so that the feedback
effect and hence the conditional or unconditional return moments exist. However, € need

not be restricted by such property.

Thus in the remaining part of this paper I assume that the MGF of ; and 7, exists
Vt=1,2,...T. Next I describe the leverage effect under the proposed model.

2.3 Dynamic Leverage in SVDF Model

The presence of conditional leverage effect in the proposed model is reflected through the
impact of current return on future volatility (Renault 2009). We prove in the following theo-

rem that the conditional expectation of future volatility depends linearly on the current asset

14



return and the direction of the dependence is determined by the return impact parameter

as well as the volatility clustering parameter (¢).

Theorem 2.6 In the model described in (2.53-2.4) along the assumptions described in lemma

2.2, the conditional expectation of future volatility given current return is given as follows:
ElOri1 | Y1, Fr—1] = Cr + Didprye (2.17)

where py is the dynamic feedback effect, u, = Ay yi+er, Ve = Nor e+, war =/ Var(z,), v €
{u,v} and

Wv,t

Wy A 1
Ct = o+ (252(97571 — Oé) - ¢ptE[Ut | -’Ft—l} - Atflw ! (bptuy,tM’Yt (_ﬁ) Mm (__)

u,t u,t 2 2

Wyt Aot 1
D, =A,_ ~M —— ] M, ——
T, %( 2 ) m( 2) =0

The sign of the conditional leverage is determined by the same of the volatility clustering

parameter and the direction of the feedback effect.
Proof. Notice that,

E[9t+1 ’ yt,-'Ft_ﬂ = FEp, [E(9t+1 ’ Gt) ’ yt,ft_ﬂ

= a-+ ¢2(9t71 —a) + dpgr + OE[(ve) | ye, Fea),

since ;41 is independent of y; and its marginal expectation exists. Let v, = %i”t) and

—F ’r_ /
up = WT(;“) where w,; = v/Var(vy), wyr = /Var(u). Further, define w; = %, where
’ Pt

pt is the correlation between wu, and v;. Notice that w; and u} are uncorrelated and E|w;] = 0.

15



Hence,

Bl |y, Fioa) = g + Pwy B [Ué | ye, Fr—a],

( where ;1 = o+ ¢*(f,_1 — a) and por = —Elve | Fea))

Wy, Wy,
= 41— t¢PtE[Ut | Fi_a] + t¢PtE [y | Yo, Fr—a]
Wt Wt
Wt W, t U
= Q41— o ¢PtE[Ut | '7:'5_1] + At_lw ¢Pt(yt - Ny,t)E [6 2 | -7'-t—1]
u,t u,t

)

( where A;_; is defined above )

Wy t /\0t 1
= C,+A,_—= M ——= | M ——
¢t + A 1wu’t¢Pt3/t o ( 9 ) nt < 2)

= Cy+ Diopey: (2.18)

where C; = a1 — %ﬁaﬁptE[ut | Fia] — At_1%¢ptpy7tM% <—%> M, (—%) and D, =

At,lfﬁMw (—%) M, (—%) > (. Hence the sign of the dynamic leverage depends on the
sign of feedback effect and the volatility clustering parameter. In particular if the feedback
effect and the volatility clustering parameter are of opposite sign then the future volatility

is negatively correlated to the current return. [

2.4 Dynamic Skewness

This subsection attempts to explain the conditional return skewness in terms of the impact

parameters. The following theorem provides an expression for the conditional skewness.

Theorem 2.7 In the model described in (2.5-2.4) along the assumptions described in lemma

2.2, the conditional skewness of return is given as follows:

U3+ 300, + 34,
3

Sky = 3 (2.19)
A
where U, = XZ’_’Z, A = V(yig:-tl_l) and
% = M, @) [A;tM;;' (32”> + 3\, M, (%“)] (2.20)
MY (u) = #5 Mx (u).

16



Proof. Simple algebraic manipulation will show that
3Zg 4
E [y} | Fe-1] =3E [6725} | .7'}_1] + 34y V (e | Feer) + 115,
where Zy, and Z,; are defined as in theorem 2.2. Further,

3Zp 4 3Zg.+

E[e : Z§7t|.7-'t_1} = A3 E [e = (X 2 + 3Aed) |7—'t_1}
- M

3 3\ 3\
" (5) {Ai’tMg( 29’t> +3Ay’tM;t< 29’t>}

In the above expression we notice that the conditional skewness is not dependent on the
expected volatility or the persistence. Only the impact parameters and the variance of
the volatility distribution contributes to the conditional return skewness. Thus the model
disentangles the effect of past volatility from the return skewness.

It is difficult to gain further insight on the dynamic leverage effect without assuming
particular distributions for ;, €, and 7;. In the following section we make specific assumptions

about the distributions of the market factor and return and volatility innovations.

3 Dynamic Leverage In Joint SV Model With Skew-
ness and Kurtosis

The SVDF model proposed above aims to capture the skewness in returns and the dynamic
nature of the feedback effect together. In this section we first inspect the SVDF model for
skewed returns. In particular, I provide the expression for the feedback effect and conditional

skewness and their interpretation in terms of the impact parameters.

3.1 Gaussian SVDF Model

[ assume that v ~ HN(0,1), HN(0,1) being the standard half-normal distribution and
€~ N(0,1), 5, ~ N(0,0?), Vt =1,2,... in addition to the assumptions made in the SVDF
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model. The expression of feedback effect (p;) can be derived in a similar manner as in
theorem 2.4. First we state the following useful lemma related to the moment generating

function of standard half normal distribution.

Lemma 3.1 Let us consider a standard half normal distribution random variable X with

mean and let, for anyt € R, Mx(t) be the moment-generating function (MGF') of X. Then,

d 2

My (t) = EMX()_tMX(t)Jr — (3.21)
My(t) = ;—;MX() {1+t2}MX(t)+t\/g (3.22)

Proof. The MGF of X, Mx(t), t € R is given by

MX(t) -

E[etX]
2 [ 2
= \/j/ e~ T dx

\/je2/ ’2dx letting z = o — ¢
T —t
2 2 (V2 0 2
\/:62 [—W—l—/ 62dz]
s
t2
= e? 1—1—\/7\/_/ wdw], [lettlngz—w\/_]

2 f d
= ez 1+—/ e dw
VT

= e2 |l+erf (%)] , where erf(u) = %/Oue“ﬂdw
= 26§@(t), [ since erf(u) + 1 = 20 (uv/2)] (3.23)

_(a—p? t)"’

dx

and hence,
/ 2 2 2
Mic(8) = tMx (1) + [ = = 26T ®(t) +4/ . (3.24)
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Further, differentiating (3.21) with respect to ¢ and substituting the expression for M (t)

we get

M5 (t) = {1+ *}Mx(t) + t\/g. (3.25)
|

In the following theorem we derive the expression for dynamic leverage (p;) under the
model postulated in (2.3-2.4) and the distributional assumptions stated above and state

some sufficient conditions in terms of impact parameters for negative leverage.

Theorem 3.2 Lety, and 6; be the return and volatility at time t and the stochastic volatility
model describing the evolution of y, and 0, be given as in (2.3-2.4) where ~y; follows standard
half normal distribution. Further -, is assumed to be independent of the normal variates
& and 1, which are independent among themselves with mean 0 and variances 1 and o?

respectively, Yt = 1,2,...n. Under this model the dynamic leverage effect p; is given by

)\2
Ay [AWM% (%) {% +1+2 - f/;;} + = (02 +23,) - %}

Pt =
\/ (M Qo)+ 1) + 12202, h = 2,002 (25) /3, (1 - 2) + 02

(3.26)
where M (u) and MY (u) are as defined in (3.21-3.22).
0,2
Proof. Notice that, here M,, (3) =e's and hence from (2.9)
/ )\G't
,U/y,t = At 1Ay te M 2 (327)
o2
Further, observing that M,, (1) = e=, expressions in (2.12) and (2.10) leads to
2 2 2
V(0 | Fi1,Q) = Mo | 1= p +o (3.28)
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and

V(yt ’ Fi1, Q) = A?—167 {M’Yt()\97t)[)\g2/,t()\§,t + 1) + 1] + \/;)‘97t)‘32/,t} - 'uzit

0'2 0’2 2
= A2 eT [e4 {M%(Ag,t)p;t(x;t + 1)+ 1]+ \/;Ag,tA;t}

2 (A,
—\2 M, (Tt 1 (3.29)

2

Further, £ [nte%} = %e% and hence from (2.16) :

o2 A A
Covi_1(ys,0;) = Aiies [AO,tAy7tM;; ( ;t) + Ay t—M' < ;t)} — [hy,tHt0,t

o2 2 A 2\
e v (B (%) 22

o2 Aot )‘z,t o’ Ao,
= Apies Ay, [MJM% (7) {T + 1+ T Jon

1 9 9 2N t}
+ —= (0" +N,) — ’ 3.30
/o ( e,t) p (3.30)
Hence the expression for leverage in (3.26) is immediate. |

Remark: The correlation coefficient varies with respect the impact parameters as well as
the variance of the volatility. A necessary and sufficient condition for the feedback effect to

2
be negative is that A, ; and x, = A\g M., (’\“> {ﬂ +1+ ﬁ — \/\/92—;} + = f (02 + Ag}t) - 2)‘;“

are of opposite sign (Vo > 0). Notice that #, has a minimum at A" for each o > 0 with

minimum value k7" at each time point ¢t = 1,2,...,T. Figure 1 in Appendix A plots k"
against o for any .

As evident from figure 1, 5" exceeds zero and numerical computation shows that the
corresponding o = 0.74182. Thus k; can take negative values only for o € (0,0.7419819){=
Lin}. Thus, to find the range of Ay, so that x; < 0, we restrict o within this interval. Further,
numerically it can be verified that there are only two roots to x; = 0, say A\g, < Aj,, for

0 € Ipin. Figure 2 in Appendix A show the plots of Aj, and A\, against o € L.
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It is clear from the above figures that the interval within which x; < 0 reduces with
increasing . Thus necessary and sufficient condition for feedback to be negative is translates
to either A,y < 0 and Ag, lies out side the interval (Ag,, Aj,) or the other way around where

the limits )\évt, 1 = 1,2 depend on the variance of the volatility process.

Remark: Figures (3-4) given in the appendix provide the feedback effect surface corre-
sponding to impact parameters for given volatility variances.

It may be noticed from the above figures that as ¢ — 0o, the impact surface closes to the
constant plane at zero. Observing that very high volatility variance induces positive proba-
bility for the event that realization of conditional volatility is far away from its conditional
mean. Such a case may happen in times of bubbles and crashes. One possible explanation
for almost zero feedback could be that during such time, market factor impacts are outper-
formed by the random shocks and hence feedback appears insignificant. In the particular

case of no impact of market factor on volatility (Ag: — 0), simple algebraic calculation will

Ay to

reveal that p, — \/ , which tends to 0 with increasing o.

27r6%2()\12/’t+1)—2>\§7t
Remark: Notice that for a standard half-normal random variable X,

MY (u) = dd—;MX(u) = u(u® + 3)Mx (u) + \/g(u +1) (3.31)

™

Hence, from theorem 2.7, the conditional skewness could be derived.

4 Discussion

In this paper the inter connection between feedback effect and return skewness has been
established which lead to further interesting insights. First, I have developed a parsimonious
single factor SV model to explain the linkage between return skewness and feedback effect as
mentioned by Renault (2009). This model leads to a simple characterization of the admissible
distributions for return and its volatility. Precisely, the skewness of returns has been shown

as a perturbation of symmetric return error with a positive “market factor” common to
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both return and volatility and the feedback is generated as a result of the shared factor
between return and volatility. Secondly, the reaction of the feedback effect to the variance
of the volatility process has been shown. The interesting fact that could be noticed from
the feedback surface is that if the volatility process itself has very high variance then the
market impacts matter in infinitesimal. The third issue that has been addressed here is to
accommodate the dynamic nature of the skewness as mentioned in Boyer et al. (2010). In
particular, the concept of bounded stationarity has been introduced as a generalization of
weakly stationary process and the non-stationarity arising out of dynamic skewness has been
tackled with the bounded stationarity which enables finite forecasts of volatility process.
This paper also leaves scope for further research both in theoretical and application
aspects of SV model. The heavy tail nature of returns could be generated using a scaling to
the skew family of error distributions. Since the model is saturated, it is difficult to estimate
the parameters in a frequentist set up. As a solution Bayesian Monte Carlo Markov Chain
methods could be used to resolve the parameter estimation problem (Jacquier et al. 2004).
Further, in case of multivariate SV models prior information on feedback could be used to
elicit admissible prior distribution for MCMC estimation. On the application part I plan
to apply the model on S&P500 returns and volatility index of Chicago board of options

exchange and compare in terms of Bayesian model complexity measures.
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Appendix

0.05
|

0.00
|

Opt

-0.05

-0.10

00 02 04 06 08 1.0

Figure 1: Minimum value of k; for different values of o

23



-0.2 0.0
| |

't
't

-28 -26 -24 -22 -20 -18 -16
|

0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
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Figure 3: Feedback surface plots for o =0.001(blue), 0.1(yellow), 1(red), 2(green)
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Figure 4: Feedback surface plots for ¢ =3 (blue), 5 (yellow), 10 (red), 20 (green)
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